We consider the problem of initiation of a propagating wave in a one-dimensional bistable or excitable fiber. In the Zeldovich-Frank-Kamenetskii equation, also known as the Nagumo equation and Schlögl model, the key role is played by the ''critical nucleus'' solution whose stable manifold is the threshold surface separating initial conditions leading to the initiation of propagation and decay. An approximation of this manifold by its tangent linear space yields an analytical criterion of initiation which is in good agreement with direct numerical simulations.
linear description supplemented with heuristic conditions to represent the threshold [11] [12] [13] [14] [15] . More recently, lowdimensional Galerkin-style approximations of the partial differential equations have been tried [16] [17] [18] .
In the past two decades, this problem has been analyzed from the dynamical systems theory viewpoint [16] [17] [18] [19] [20] [21] [22] [23] . These studies identified the importance of certain ''critical solutions,'' whose codimension-1 (center-)stable manifold acts as the critical surface separating the basins of attraction of initiation and decay.
This understanding has so far remained largely formal. Although it was used in sophisticated numerical methods of calculating initiation thresholds, e.g., [22] , it did not produce any analytical results. Here we propose a practical method of defining the initiation criteria analytically. The idea is based on the linearization of the (center-)stable manifold of the critical solution by its linear tangent, the (center-)stable space. One would expect that this should work well for initial conditions sufficiently close to the critical nucleus. However, how close it should be to give a reasonable approximation is not clear a priori. We consider a test case with very crude initial conditions, in the form of rectangular pulses, and the analytical criterion gives surprisingly good agreement with direct numerical simulations.
We consider a one-component reaction-diffusion equation
with bistable kinetics fðuÞ. As an archetypical example, we consider a Zeldovich-Frank-Kamenetskii (ZFK) equation suggested to describe flame propagation [24] , which is also known as the Schlögl model in chemical kinetics [25] and as the Nagumo equation in its capacity as the fast equation in the FitzHugh-Nagumo system, suggested as a simplified model of nerve conduction [26, 27] . This equation has the kinetics in the form
Equations (1) have propagating front solutions
e.g., for (2),
We consider a half-infinite cable which is driven away at t ¼ 0 from the resting state u ¼ 0 by an instantaneous stimulus of amplitude u s and spatial extent x s at t ¼ 0 and/or by a current injection at x ¼ 0 of amplitude I s lasting for time t s : 
or, equivalently,
uðx; 0Þ ¼ u s hðx; x s Þ; x! 0; u s hðÀx; x s Þ; x < 0; 
where ÂðÞ is the Heaviside step function. Depending on parameters u s , x s , I s , and t s , problem (3)-(5) can typically produce either a ''decay'' solution such that max x uðx; tÞ ! 0, t ! 1 [see Fig. 1(a) ], or an ''initiation'' solution such that max x juðx; tÞ À Uðx À ct À ÁÞj ! 0, t ! 1, for some Á 2 R [see Fig. 1(b) ]. Naturally, in the even extension (6) and (7), the initiation solution produces two fronts propagating both ways. Our goal is a condition that would predict which of the two outcomes will take place for given u s , x s , I s , and t s . The curve in the ðt s ; I s Þ plane, at u s ¼ 0, separating the two outcomes, is widely known as the strength-duration curve. We will also consider a similar critical curve in the ðx s ; u s Þ plane at I s ¼ 0 [see Fig. 1(c) ], which we will call the strength-extent curve.
We consider first the case I s ¼ 0 and, following [20] , review the fundamental role of the critical nucleus solution u Ã ðxÞ, which is defined as a nontrivial stationary solution of (1), i.e.,
It is then demonstrated that such a solution is unstable. Consider linearization of (1) near it, uðx; tÞ ¼ u Ã ðxÞ þ vðx; tÞ, vðx; tÞ ( 1, and then
Since L is a Sturm-Liouville operator, all of its eigenvalues j are real. Notice that L@ x u Ã ¼ 0 so u 0 Ã ðxÞ is an eigenfunction corresponding to eigenvalue 0. By Sturm's oscillation theorem, if eigenvalues of the discrete spectrum are ordered so that 1 > 2 > 3 > Á Á Á , then eigenfunction j (6), equilibrium u Ã is a saddle point, with only one unstable direction. Its stable manifold [28] has therefore codimension one and, as such, partitions the phase space. One part of the phase space corresponds to the decay solutions and the other to the initiation solutions [ Fig. 1(d)] . A one-parametric family of initial conditions (5), say, with a fixed x s > 0 and the parameter u s , will cross the stable manifold once, say, at u s ¼ u Now we shall use this understanding to construct an analytical criterion of initiation. Our idea is to replace the stable manifold of u Ã by its tangent, i.e., the stable space. This implies considering the initiation problem in the linear approximation around u Ã ðxÞ. Continuing with the case I s ¼ 0, we get uðx; tÞ ¼ u Ã ðxÞ þ X 1 j¼1 a j e j t j ðxÞ;
where for brevity the summation is assumed over both the discrete and the continuous spectrum. If we choose the eigenfunctions j ðxÞ normalized, then a j ¼ R 1 À1 j ðxÞ Â ½uðx; 0Þ À u Ã ðxÞdx. Eigenfunction 2 ðxÞ ¼ u 0 Ã ðxÞ is odd, u Ã ðxÞ and uðx; 0Þ are even, hence a 2 ¼ 0, and P 1 j¼3 a j e j t j ðxÞ ! 0 as t ! 1 since j 3 < 0 for j ! 3. Hence in this approximation uðx; tÞ ! u Ã ðxÞ if and only if a 1 ¼ 0. So the equation of the stable space, which is an approximation of the critical manifold, is a 1 ¼ 0 or 
Now we consider an example with explicit answers. For (2), if ( 1, then u Ã ¼ OðÞ, and as in [17] , for u & we can approximate fðuÞ % uðu À Þ
and then u Ã %
solutions of which are associated Legendre functions [29] .
In particular, we find that
for some C 1 Þ 0. For I s ¼ 0 and hðx; x s Þ ¼ Âðx s À xÞ, Eq. (10) then gives an explicit equation for the strength-extent curve
For u s ¼ 0 and gðt; t s Þ ¼ Âðt s À tÞ, we have A 1 ð0Þ ¼ (14)- (16) for (b). Blue stars (''cub''): Numerical results for cubic kinetics (2) . Magenta diamonds (''quad''): Numerical results for quadratic kinetics (12) .
and chronaxie Figure 2 illustrates the quality of the analytical critical curves (13)- (16), compared to both the curves obtained by direct numerical simulations for the quadratic nonlinearity (12) valid for small and the original cubic nonlinearity (2) . For the chosen parameter values, the error introduced by linear approximation of the stable manifold of the critical nucleus is of the same order of magnitude as the error introduced by the quadratic approximation of the nonlinearity.
In conclusion, we have obtained analytical expressions for initiation criteria for a concrete simple example. Such criteria were obtained experimentally and numerically, and any analytical expression was through fitting; we have deduced it mathematically ab initio, via a clearly defined procedure. The expressions are simple enough to be useful in practice, but the procedure of obtaining them is probably more important as it can be extended to other models. The expression for the strength-extent curve is specific for the ZFK equation and will have a different form for a different model. However, the temporal strength-duration curve is universal, up to the values of two constants, and it coincides precisely with a classical form used for over 100 years for analytical fitting of empirical data.
A linear approximation of the separatrix can be used after Galerkin-style projection to a low-dimensional manifold [18] ; however, the accuracy of the resulting criterion is severely affected by the Galerkin projection and for initial conditions like (8) is poor. We have shown that the linear approximation can actually be done right in the functional space without Galerkin projection.
The general principle, linear approximation of the (center-)stable manifold of the critical solution, easily admits extensions, e.g., for different temporal and spatial profiles of the initiation stimuli, different initiation protocols, possibility of optimization, say, with respect to the total energy required to initiate a wave, etc.
It also can be extended to other threshold systems, whenever the critical solution can be identified, including those having critical solutions which are not critical nuclei [23] . In such systems, an additional problem is anticipated, as one cannot use the even ðx ! ÀxÞ embedding and have to take into account the translational symmetry of the problem posed on the whole real axis.
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